Probabilistic Robotics

Bayes Filter Implementations

Gaussian filters



z = observation
Bayes Filter Reminder x-S
Bel(x,) = P(x, |u,,z, ...,u,,z,)
Bayes =n P(z, | x,u,z,...,u) P(x, |u,z,...,u,)
Markov =n P(z, |x) P(x, |u,,z,...,u,)
Totalprob. =1 P(z,]x,) f P(x, |u,z,...,u,x,_)
P(x_ |u,z,....u,)dx,_,
Markov =n P(z,|x,) f P(x, |u,x,_) P(x_ |u,z,....u)dx_
Markov =nP(z,|x,) f P(x, |u,,x,_)P(x,_ |u,z,....z,_,) dx,_

=1 P(z, |xt)fP(‘xt \u,,x,_,) Bel(x,_,) dx,_




Bel(xt) =1 P(Zt | xz)fp(xz |ut?xt—l) Bel(xt—l) dxt—l

Algorithm Bayes_ filter( Bel(x;.,),u,z;):
For all x, do

1.
2
3 bel(x,) = [ p(x, | u,,x,.) bel(x,.,) dx,
4. bel(xf)=77p(zf |xt)bel(xt)

5. endfor
6. Return bel(x,)




Bayes Filter Reminder

® Prediction

@(Xt) =fp(xt ‘ utaxt—l) bel(xt—l) dxz—l

® Correction

bel(x,) =7 p(z, | x,)bel(x,)



Gaussians

p(x)~N(u,07%):
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p(x) =
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Univariate

p(x)~N(pX):
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Multivariate




Properties of Gaussians

X ~N(u,o’
(1,07 = Y ~N(au+b,a’c?)
Y=aX+b
X, NN(MpGlZ) 022 (712 1
2 =>p()(l)p()(z)wj\/v 2 21ul+ 2 2Au29 -2 -2
X, ~N(u,,0,") o, +0, o, +0, o,  +0,




Multivariate Gaussians

X ~N(u,=
(1.2) Y ~ N(Au+ B, ASA")
Y=AX +B
X, ~N(w,2) 2, 2, 1
X)) p(X,)~N :
X2~N(u2,22)}:p( )P (21+22“1+21+22“2 543

e We stay in the “"Gaussian world” as long as we
start with Gaussians and perform only linear
transformations.




Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference equation

x, =Ax_ +Bu, +¢,

with a measurement

z, =Cx, +0,




Components of a Kalman Filter

A Matrix (nxn) that describes how the state
¢ evolves from ¢/ to r without controls or
noise.

B Matrix (nxl) that describes how the control «,
'] changes the state from ¢/ to ¢ .

C Matrix (kxn) that describes how to map the
t| state x, to an observation z..

g Random variables representing the process
! and measurement noise that are assumed to
S be independent and normally distributed

t|  with covariance R, and Q, respectively.




Kalman Filter Updates in 1D
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Kalman Filter Updates in 1D

bel(x,) = {

U, = ﬁt +Kz(Zt - ﬁt)
Otz = (I_Kt)6t2

bel(x,) = {

U, = Aat +Kt(Zt _gﬁt)
Zt = (]_Ktct)zf

with K, ==CT(CZCT+0)"
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Kalman Filter Updates in 1D

— r ﬁt =aUu,_,+ btut

bel(x,)) =
( t) <512 = az‘zgtz +O§ct,t
— u = A +Bu
bel(xt)= _//Lt tut—l . 177t
S, = A3, AT +R
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Kalman Filter Updates
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Linear Gaussian Systems: Initialization

e [nitial belief is normally distributed:

bel(x,) = N(XOQMano)
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Linear Gaussian Systems: Dynamics

® Dynamics are linear function of state and
control plus additive noise:

x, =Ax_ +Bu, +¢,
p(xt | ut?xt—l) = N(xt;Atxt—l + BtutﬂRt
bel(x,) = [p(x, |u,.x,) bel(x, ;) dx,_,
J J
~ N(xt;Atxt—l + BtutﬂRt ~ N(xt—l; Iut—DZt—l
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Linear Gaussian Systems: Dynamics

bel(x,) = [p(x, |u,,x,.,) bel(x, ) dx, ,
U U
= N(xt;AI‘xt—l + BtutﬂRt) = N(xt—l; Mr—lﬂzt—l)
U

E(xt) =7 fexp{—%(xt —Ax,_ —-Bu) R'(x, - Ax,_ - Btut)}

1 _
CXp{— E(xt—l — xut—l)TZt—ll(xz—l — xut—l)} dxt—l

u,=Au,_, +Bu,

)15 Ltk o

1= t-1
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Linear Gaussian Systems: Observations

® Observations are linear function of state

plus additive noise:

z, =Cx, +0,
p(z,|x)=N(z,;Cx,,0,)

bel(xt) = 1 p(Zt xt)
|
NN(Zta t taQt)

e

@(x )

——\

tﬂutﬂzf)
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Linear Gaussian Systems: Observations

bel(x)= 1 p(z|x,) @(m
I

NN(Zt z‘t’Qt) NNG(I,M”Z;)
!

bel(x,)=n exp{—%(zt -Cx) 07 (z, - }exp{——(x -1, Z7(x, - M;)}

= ﬁt +Kt(Zt - Cttat)

7 with K, =3.CT(CZCT+0)
S =(I-K,C)Z

bel(x,) = {“ ’
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Kalman Filter Algorithm

1.

B W
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Algorithm Kalman_filter( y,.,, 2;;, U Z;):

Prediction:
lut = Atlut—l + Btut
S =A% A +R

1= t-1

Correction:

K =3CT(C3CT+0)"
u, = U, +Kt(Zt__ Cttut)
S —(I-K,C)3,

Return u,, Z;
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The Prediction-Correction-Cycle
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The Prediction-Correction-Cycle

0

e 1 1
0 t 20 =

b wo=i, + K, (z, - i) o/
el(x,) = 2=(1-K)o* ~ Ki=——= B -
(ep =( - t)at O, +0,,,
=u +K,(z,-Cp, S ) 1 |
u, = u, (2, tMt),K, = ZICZT(CIZtCIT +Qt)_1

bel(x,) = { S (I -K,C)=

-~
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The Prediction-Correction-Cycle

& TE

bel(x,) = {

u, = E +Kt(zt _/'71)
o} =(1-K)o; ’

—2
Ot

[S— —2
at +Oobs,t

K, ==,.CT(C,=.CT+0)"

7 4 Hl = atll/l't—l + btul
bel(x,)=1_
’ {Gtz = atZGtz + jSt,t
b_el(x ) _ _AL_'l’t = Attl’l’t—l + Btut
! S, =4, A + R,

-
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Kalman Filter Summary

e Highly efficient: Polynomial in
measurement dimensionality k and

state dimensionality n:
O(k2.376 + n2)

® Optimal for linear Gaussian systems!

® Most robotics systems are nonlinear!
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Nonlinear Dynamic Systems

® Most realistic robotic problems involve

nonlinear functions

Xy = g(“t”xt—l)

Z, =h(xt)
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Linearity Assumption Revisited

6

piy)= N(y; an + b, a?
R Mean of piy)
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P = N, 67
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Non-linear Function

Py
— Gaussian of p(y)

4| x Mean of p(y)
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EKF Linearization (1)
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EKF Linearization (2)
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EKF Linearization (3)
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EKF Linearization: First Order
Taylor Series Expansion

® Prediction:

ag(ut S Aut—l) (X
ox,_,

g(ut’xt—l)zg(ut9ﬂl‘—l)+Gt (xl‘—l _Mt—l)

g(uﬂ ‘xt—l) = g(ut ) 1u’t—1) + 2 Mt—l)

® Correction:

h(x,) =~ (i) + )
ox,

h(x,)=h(uw)+H, (x, - 1)

(xt _AL—LI)
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EKF Algorithm

1. Extended_Kalman_filter(u,, 2., u, z,):

2. Prediction:
3. Aat = g(utuut—l) U, = Atlu't—l + Btut
4. 5, =G2 G +R — S =43 A +R
5. Correction:
6. K =SH (HZH +0)" K =3Cl(C2C+0)"
/. u,o=u+K,(z,-h(u,)) wo=u+K(z-Cu,)
8. = -(U-KH) > =(I-K,C)Z,
9. Return p, 2, (W) ag(u,, u,_,)

H = G =

0x 0x,_,

t
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