
5. Triangle or square
There are several ways to solve these questions. Here we present two solutions.

(1) Assume that (n, m) is a pair of positive integer numbers with n(n + 1)/2 = m2. The
right hand side is a square and hence contains each of its prime factors an even number of
times. The left hand side factors n and n + 1 cannot contain the same prime factors since
their difference is equal to 1. Since either n or n + 1 is an even number, divison by 2 deletes
from one of these a prime factor 2. Thus, there are two possible situations:
(i) if n is even, then we can write n = 2k2 and n + 1 = p2, where k and p are integers and
do not have common prime factors;
(ii) if n is odd, then we can write n = k2 and n + 1 = 2p2, where again k and p are integers
and do not have common prime factors.
In both cases, m = kp.

We consider now only case (i). In that case, n = 2k2, but also n = p2−1 = (p−1)(p+1).
The number p has to be odd (because n is even) and we can write p = 2q + 1 with q integer.
Then: n = 2k2 = 2q(2q + 2), and division by 8 yields (k/2)2 = q(q + 1)/2. The right hand
side has to be integer (because either q or q + 1 is even), so also the left hand side is integer,
hence k must be even. If we now write k = 2r with r integer, then we find r2 = q(q + 1)/2.
It seems that we are back in the original problem!
Fortunately, we did make some progress: q and r are smaller than n and m ! For instance,
if we take q = 8 and r = 6 as in the given solution, then we can compute backwards, first,
k = 12 and p = 17, and next n = 288 and m = 204.
This gives an answer not only to question (a), but also to question (b): we can plug in
the computed values for n and m as new values for q and r, and thus obtain a recursive
formula. So, if (n, m) is a valid pair, then so is the pair (8m2, 2m(n + 1)). In this way we
can determine arbitrarily large pairs!
(With this formula we do not get all pairs: we would still have to analyse case (ii) and that
requires more effort.)

(2) With a lot of time at our disposal or brute (computational) force we could make a table
with some solutions:

n 0 1 8 49 288 1681 9800 57121 332928
m 0 1 6 35 204 1189 6930 40391 235416

This answers question (a). How about question (b)? And can we generate all solutions?
The table might give us an idea. It is not difficult to verify that for the given n and m the
following relations hold:

n(k + 2) = 6n(k + 1)− n(k) + 2,
m(k + 2) = 6m(k + 1)−m(k).

(With k we denote the k-th number in the sequence, so n(3) = 8 and m(5) = 204, etc.)
These relations are true and do indeed generate all solutions, but of course, this has to
be proved. One problem is that the sequences are considered separately and independent
from each other, and we always need two preceding values: for instance, if we only know
(n,m) = (8, 6) then we cannot yet compute new pairs.

It turns out to be computationally more convenient to work with two different relations
that generate the same sequences but then simultaneously, since they use each other! These
are:

n(k + 1) = 3n(k) + 4m(k) + 1,

1



m(k + 1) = 2n(k) + 3m(k) + 1.
Note that from (n(k), m(k)) we can now directly determine (n(k + 1), m(k + 1)). One can
also show through a calculation that if m(k)2 = n(k)(n(k) + 1)/2, then also m(k + 1)2 =
n(k + 1)(n(k + 1) + 1)/2.
These relations are easily converted:

n(k) = 3n(k + 1)− 4m(k + 1) + 1,
m(k) = −2n(k + 1) + 3m(k + 1)− 1.

Hence, from a given pair (n(k +1), m(k +1)) we can compute a preceding pair (n(k), m(k)),
and one can show through a relatively easy computation that if m(k + 1)2 = n(k + 1)(n(k +
1) + 1)/2, then also m(k)2 = n(k)(n(k) + 1)/2. Moreover, in that case one can show that
if m(k + 1) and n(k + 1) are both positive then m(k) and n(k) are both really smaller but
never negative.

From this last statement we can conclude that indeed we obtain all solutions. Starting
from an arbitrary solution (n, m), we can use the backward scheme to compute a sequence
of ever smaller solutions that therefore has to end with (1, 1) and finally (0, 0). (Close to
0 there are no other solutions!) But these are exactly the initial conditions for the forward
scheme with which we compute a whole series of ever bigger solutions. And this forward
scheme reverses the just obtained backward sequence. Our original solution (n,m) therefore
has to appear in this forward sequence!

N.B. The relations by which n(k + 1) and m(k + 1) are computed from n(k) and m(k)
constitute a so called “system of first-order linear difference equations”. These can be solved,
resulting in explicit expressions for n(k) and m(k).
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