
Solution to Problem 2: voters’ preferences

(a) It is easy to see that d(4, 1) = 3: starting with ABCD, we have at distance
1 the preferences BACD, ACBD, and ABDC, obtained by swapping adjacent
parties. To compute d(4, 5), note that DCBA is the unique preference at max-
imal distance 6 of ABCD. Finding the preferences at distance 5 from ABCD is
the same as finding the preferences at distance 1 from DCBA, and by the same
argument as before there are 3 of those (namely CDBA, DBCA, and DCAB).
Hence d(4, 5) = 3 = d(4, 1).

(b) To find d(4, 2), we can use brute force. Starting from ABCD, we have
BACD, ACBD, and ABDC at distance 1 as in (a). Swapping one pair more
in BACD (except of course A and B) results in BCAD and BADC, which are
at distance 2 from ABCD. Similarly, swapping one pair more in ACBD results
in two more possibilities, namely CABD and ACDB. Finally, ABDC gives one
more possibility, namely ADBC. In total we have 5 preferences at distance 2
from ABCD, so d(4, 2) = 5. By the same logic as used in (a) we have that
d(4, 4) = d(4, 2) = 5: we now count the number of preferences at distance 2
from DCBA, the opposite of ABCD.

(c) In order to find d(5, 2) we could again apply brute force, but there is also
a formula for this case, which we will explain below, namely: d(m, k) = d(m−

1, k)+ d(m, k− 1). Applying this formula, we have: d(5, 2) = d(4, 2)+ d(5, 1) =
5 + 4 = 9.

This formula holds whenever k ≤ m − 1. To see this, now suppose the parties
have names 1, 2, . . . ,m and start from the preference 12 . . .m. Suppose we have
a preference x1x2 . . . xm at distance k from 12 . . .m. Now the possible choices of
x1 are 1, 2, . . . , k+1 (otherwise the distance must be larger than k. For x1 = 1,
(x2, . . . , xm) has distance k from 12 . . .m, since 1 has stayed at top. For x1 = 2,
(x2, . . . , xm) has distance k−1 from (1, 3, 4, . . . ,m). Etc. Finally, for x1 = k+1,
(x2, . . . , xm) has distance zero from (1, 2, . . . , k, k + 2, . . . ,m). Hence,

d(m, k) = d(m− 1, k) + d(m− 1, k − 1) + . . .+ d(m− 1, 1) + d(m− 1, 0).

But in the same way we can show

d(m, k− 1) = d(m− 1, k− 1)+ d(m− 1, k− 2)+ . . .+ d(m− 1, 1)+ d(m− 1, 0).

Combining both equalities results in:

d(m, k) = d(m− 1, k) + d(m, k − 1).

One can also derive a formula for the case where k ≥ m, namely

d(m, k) = d(m− 1, k) + d(m− 1, k − 1) + . . .+ d(m− 1, k −m+ 1).


