
Solution to problem 1

Notice first that it makes no difference for the winning probability whether
player 1 decides to open door A, door B or door C first, as long as player 2
knows which door player 1 opened.

Consider the following strategy for player 1:

Player 1 opens door A first. There are 3 possibilities.

1. He finds the key behind door A. Player 1 leaves the stage.

2. He finds the car behind door A. Now player 1 opens door B next.

3. He finds the goat behind door A. Now player 1 opens door C next.

Notice that there is a probability of 2/3 that player 1 eventually discovers
the key and, of course, there is no way to improve that.

The following observation is very important: Player 2 must assume that
PLAYER 1 FOUND THE KEY. If player 1 did not find the key, there is no
way they are going to win the car anyway, so player 2 has to act as if player
1 found the key.

With this in mind, assume that indeed player 1 found the key and consider
the following strategy for player 2:

Player 2 opens door B first. There are 3 possibilities:

1. He finds the car behind door B. Yippee! They have won the car!

2. He finds the key behind door B. Now player 2 has to assume that player
1 opened door A first and then door B. But this means that player 1
found the car behind door A. So, player 2 will open door A next and
finds the car!

3. Player 2 finds the goat behind door B. Now player 2 knows that player
1 did not find the goat behind door A, so he never opened door C. Now
if player 1 did find the key, he must have found it behind door A and
then the car must be behind door C. So player 2 opens door C next
and finds the car!

This strategy apparently gives a 2/3 probability for the players to win the
car, which is clearly optimal !!!!
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