
Solution to Problem 1: Dwarves and hats

a) The following strategy actually guarantees the freedom of exactly 1 dwarf in
a group of 2 dwarves. By making 50 pairs it also guarantees the freedom of 50
dwarves in a group of 100 dwarves.
Dwarf 1 yells the color he sees on Dwarf 2’s hat. Dwarf 2 yells the other color
than the one he sees on Dwarf 1’s hat. If their hats are of the same color, Dwarf
1 escapes and if their hats are of different colors Dwarf 2 escapes.

b) What each dwarf sees tells him nothing whatsoever about the color of his
own hat. So each dwarf can yell any color and simply has a chance of 50% to
be freed. So, on average, 50 dwarfs will be freed. Since the average is 50, there
must also be lower amounts possible. But this means that freeing more than 50
dwarfs cannot be guaranteed.

In a more mathematical fashion, this can be expressed as follows.
For Dwarf i let us construct the variable Xi. Xi = 1 if Dwarf i is freed and
Xi = 0 if he is not.

The color of Dwarf i’s hat is independent of the colors of the hats of others.
But he has no other information, so whatever he yells is a function of the other
colors and is therefore also independent of the color of his hat. That means that
every individual dwarf escapes with a chance of 50%. That makes E (Xi) = 0.5.
The sum of expected value of random variables is the expected value of random

variables. This means E

(
100∑
i=1

Xi

)
= 50 regardless of what strategy the dwarves

use. If a strategy would guarantee more then 50 freed dwarves the expected value
of freed dwarves for that strategy would be larger then 50, and that would be a
contradiction.
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