
Snowstorm 
 
Fractals are images showing self-similarity: they are composed of small copies of themselves. 
Here we consider a famous fractal, known as Koch’s Snowflake. It is constructed as follows. 
 
1. We start off with an equilateral triangle, with sides of length 1. 
2. Then on each side a smaller equilateral triangle is attached in the middle, with sides that are 
three times smaller than before. This produces a star-shaped object with a boundary consisting 
of 12 line segments. 
3. Then on each of the 12 line segments that make up the boundary, a smaller equilateral 
triangle is attached in the middle, with sides that are again three times smaller than before. 
This produces an object with a boundary consisting of 48 line segments. 
4. This procedure is repeated infinitely often. Koch’s Snowflake is the image that results as 
the limit of this procedure. 
 
(Remark: it is in fact the boundary of Koch’s Snowflake which is a fractal, or rather a 
composition of three fractals, each resulting from a side of the original equilateral triangle.) 
 
Question (a) 
How long is the boundary of Koch’s Snowflake? 
 
Question (b) 
How large is the area of Koch’s Snowflake?  
(No numerical approximation, but an exact expression is asked for.)  
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Solution: Snowstorm 
 
Question (a) 
In each iteration step of the construction procedure, each line segment of which the boundary consists is 
transformed into 4 line segments that all have a three times smaller length than before. Therefore, the length of 
the boundary increases by a factor 4/3. Since the construction procedure goes on and on and never stops, the 
length of the boundary continues to grow exponentially and diverges to infinity. 
(Remark: Some fundamental subtleties are involved here. First of all, it does not need to hold that the length of 
the curve that results in the limit is the same as the limit of the lengths that show up in the approximations. In the 
case of Koch’s Snowflake the argument is correct because the end points of the line segments that make up the 
boundary after a certain number of steps will always remain on the boundaries for later approximations. 
Secondly, the argument shows that an arbitrarily small portion of the boundary after a certain number of steps, 
will also always grow to infinity. Therefore, one may argue that the boundary of Koch’s Snowflake is in fact not 
a curve in the usual sense and that the usual way of measuring the length of this object does not apply. Indeed, 
this boundary is a fractal and its so-called fractal dimension is log(4)/log(3), which is larger than 1.) 
 
Question (b) 
The area of Koch’s Snowflake is finite. To compute it, one may use the identity that applies to a geometric 
series: 1+r+r2+r3+…=1/(1-r), for all numbers r for which the series converges, i.e. such that |r|<1. 
A second result that is useful, is an expression for the area of an equilateral triangle with sides of length x. It is 
not difficult to show that such area is equal to ¼ x2 ◊3. 
At each iteration, the number of line segments of which the boundary consists grows by a factor 4. The length of 
such line segments decreases by a factor 3. This makes it possible to compute the total area that is added at each 
iteration. We have the following table: 
 
Generation Number of line 

segments 
Length of each 
line segment 

Number of 
triangles added  

Area increase  

0 3 1 1 ¼ ◊3 
1 12 1/3 3 3 (1/3)2 ¼ ◊3 
2 48 1/9 12 12 (1/9)2 ¼ ◊3 
3 192 1/27 48 48 (1/27)2 ¼ ◊3 
4 768 1/81 192 192 (1/81)2 ¼ ◊3 
… … … … … 
 
This shows that the area increase at each new generation k ¥ 1 is given by  (4/9)k-1 3 (1/3)2 ¼ ◊3.  
The total area is therefore given by 
¼ ◊3 + 3 (1/3)2 ¼ ◊3 (1 + 4/9 + (4/9)2 + (4/9)3 + …) = ¼ ◊3 + 3 (1/3)2 ¼ ◊3 / (1 - 4/9) = 2/5◊3. 


