
PROBLEM 1: Bingo!

Two people are playing a bingo game. Each of them has a card at which
twenty different numbers from the set {1, . . . , 75} have been placed arbitrarily
in four rows and five columns (this is not necessarily done in increasing or
decreasing order). The drawing is done by selecting balls that are numbered
from 1 to, and including, 75, and (obviously) without putting them back. A
player shouts ‘Bingo!’ and wins if he is the first to fill out two from the four
rows completely.

It is given that player 1 has one full row after only five drawings. Nothing
is known about player 2. Immediately after the fifteenth drawing one of the
players shouts ‘Bingo!’, so there is a winner. What is the probability that
this winner is player 2? Provide your answer in four decimals precise.
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PROBLEM 2: Shooting clay-pigeons

Shooting clay-pigeons is one of the disciplines at the Olympic Games in
Athens. However, this sport is not well-known among the general public.
Therefore we shall briefly explain this game. The marksman is armed with a
rifle that fires a bullet with a speed of 50 meters per second. The installation
that launches the clay pigeons (tablets of clay), with a speed of 30 meter per
second, is located at a position 50 meters west and then 50 meters north from
the marksman. If the marksman shouts ‘pull’, then the installation launches
a clay-pigeon in eastern direction at an angle of 30 degrees from the ground.
Next the marksman fires his rifle exactly in northern direction, under some
(unknown) angle from the ground.

Determine at what time after the ‘pull’ command the marksman should fire
his rifle, and under which angle from the ground he should do so, in order to
hit the clay-pigeon.

(To remind you: the acceleration of falling objects is equal to 9, 81 m/s2.
The air resistance may be neglected.)
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PROBLEM 3: The landowner and the farmer

A farmer works on a piece of land not owned by him. In return he receives
a reward from the landowner. The landowner, however, cannot observe the
effort of the farmer and therefore makes the reward for the farmer depen-
dent only on the production resulting from the farmer’s effort. Apart from
the effort of the farmer there are other, uncertain factors that influence this
production (like for instance the weather). But higher effort increases the
probability of higher production. In our case, this is described by the follow-
ing table, in which 30 and 60 are the possible production levels (expressed
in monetary profits), e = 0 and e = 1 are the effort levels, and the other
numbers are probabilities.

30 60
e = 0 2/3 1/3
e = 1 1/3 2/3

Suppose that the farmer gets an amount x30 ≥ 0 if production is equal to 30,
and x60 ≥ 0 if production is equal to 60. Suppose moreover that his effort
level is e. We assume that the farmer evaluates money by applying the square
root function and effort by subtracting the effort level. So he computes his
expected ‘value’ by the formula

(probability of 30 ·
√

x30 + probability of 60 ·
√

x60)− e.

The landowner simply computes his expected profit in monetary terms as

probability of 30 · (30− x30) + probablity of 60 · (60− x60).

The landowner offers a contract (x30, x60) to the farmer, which the farmer
accepts if its expected value is at least 6 (namely, the farmer can get a fixed,
riskless wage of 36 elsewhere). If he accepts the contract, then the farmer
chooses the effort level e = 0 or e = 1 which yields the maximal expected
profit for him.

Determine the values of x30 and x60 such that the profit for the landowner is
maximal. What is the effort level of the farmer as a result of this contract.
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PROBLEM 4: 9-Darters

When playing the game of darts, every dart yields a score. But some areas
on the dartboard yield special scores: it is not only possible to throw each of
the values 1 to 20, but one can also double these values and even triple these
values. If one hits the bull, 25 points are scored; the middle area of the bull
is called the double bull and yields 50 points.

One of the most popular variants of the game of darts is called 501. Here
one starts from a total of 501 points and it is the purpose of the game to
bring this down to zero points as quickly as possible. Every score one throws
is subtracted from the total. But to finish the game, one should end exactly
on zero points, and it is required that the last dart which achieves this must
yield a double score: either a double of 1 to 20, or the double bull.

The minimum number of darts required to reach 0 in this way, is 9. Such a
combination is called a 9-darter, for instance: T20-T20-T20-T20-T19-T19-
T19-D20-D25. In this notation, the letter T stands for ‘triple’ and the letter
D stands for ‘double’. So T20 yields 3x20=60 points, the maximum score for
a single dart. D25 denotes the double bull and yields 2x25=50 points, the
maximum score for a double.

Question: Find all essentially different 9-darters.

Here, two solutions ARE NOT considered to be essentially different if they
only differ with respect to the order of the first 8 darts: the combination
T20-T19-T20-T19-T20-T19-T20-D20-D25 is considered to be equivalent to
the solution in the example given above. But two solutions ARE considered
to be essentially different if one finishes with a different double, so a new
second example of a 9-darter is: T20-T20-T20-T20-T19-T19-T19-D25-D20
even though it may seem to be a permutation of the first solution.
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PROBLEM 5: Water and Beer

A certain beer pub opens its taps at 21.00 hour. From that moment onwards
beer flows abundantly until closing-time at 02.00 hour at night. The used
beer glasses are washed in a wash-bowl with running water. This wash-bowl
has a volume of 10 liters. Each hour there is an inflow of 4.9 liters of clean
water into the wash-bowl, while the beer glasses contribute to an inflow of 0.1
liters of beer to this bowl. Thus, each hour there is an inflow of a beer/water
mixture of 5 liters to the bowl. By an overflow pipe the total volume of
fluid in the bowl remains constant at 10 liters; so each hour 5 liters of filthy
water flows away. It may be assumed that inflow and outflow of beer and
water take place continuously at constant speed, and that beer and water
are completely mixed in the wash-bowl at any moment in time.

1. At what time, in minutes, are there precisely 150 milliliters of beer in
the bowl?

2. How many milliliters of beer are there in the bowl at closing-time?

3. When the pub remains open for 24 hours a day, then how many milliliters
of beer will one find in the bowl in the long run?
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